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Employing the coset approach we construct component actions for a superparticle moving in AdS3
with N ¼ ð2; 0Þ, D ¼ 3 supersymmetry partially broken to N ¼ 2, d ¼ 1. These actions may contain
higher time-derivative terms, which are chosen to possess the same (super)symmetries as the free
superparticle. In terms of the nonlinear-realization superfields, the component actions always take a
simpler form when written in terms of covariant Cartan forms. We also consider in detail the reduction
to the nonrelativistic case and construct the corresponding action of a Newton-Hooke superparticle and
its higher-derivative generalizations. The structure of these higher time-derivative generalizations is
completely fixed by invariance under the supersymmetric Newton-Hooke algebra extended by two
central charges.
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I. INTRODUCTION
The standard action of any particle moving in a flat
spacetime is invariant under the target-space Poincaré
group realized in a spontaneously broken manner. The
spontaneously broken translations, orthogonal to the world
line of particle, and the Lorentz boosts rotating these
translations into world-line translations, give rise to
Goldstone bosons, which appear in the particle actions.
Usually, not all of these Goldstone bosons are independent
of one another, and so there are additional constraints
reducing the number of independent fields to a set
describing the physical degrees of freedom. In the super-
symmetric case the situation is more complicated, because
in extended supersymmetry additional covariant constraints
selecting irreducible supermultiplets have to be found.
These tasks can be algorithmically solved by using the
nonlinear-realization (or coset) approach [1], suitably
modified for supersymmetric spacetime symmetries [2].
In this approach, the corresponding constraints are con-
ditions on the Cartan forms (or on their θ components).
Nevertheless, the coset approach fails to reproduce the
superspace actions, because the superparticle Lagrangian is
only quasi-invariant with respect to the super-Poincaré
group and, therefore, it cannot be constructed in terms of
Cartan forms. However, by passing to component actions
and focusing on the broken supersymmetry only, one may
easily construct an ansatz for the invariant action in terms of
θ ¼ 0 projections of the Cartan forms. This program has
been performed in our paper [3] for a superparticle moving
in flat D ¼ 1þ 2 spacetime with N ¼ 4 supersymmetry
partially broken to N ¼ 2. Moreover, the possible
higher time-derivative terms, possessing the same sym-
metry as the free superparticle, can also be constructed in
terms of the Cartan forms. The role of unbroken super-
symmetry is just to fix some free coefficients in the
component action.
In the present paper, we investigate the application of the
coset approach to a superparticle moving on AdS3. This
leads to the following complications:
(i) One has to choose a suitable parametrization of the
coset space (i.e. of the set of the physical bosonic
fields), which may, even in the bosonic case,
drastically simplify the resulting actions.
(ii) The superspace constraints have to be properly
covariantized, selecting irreducible supermultiplets
which are rather distinct from the flat-spacetime case.
(iii) The fermionic components should be defined such
as to render the resulting Lagrangians readable. All
such choices are related by nonlinear invertible
fields redefinitions [4], but an improper choice
may result in highly complicated Lagrangians.
In the following we will solve all these tasks for a
superparticle moving on AdS3, with N ¼ ð2; 0Þ, D ¼ 3
supersymmetry partially broken to N ¼ 2, d ¼ 1. We will
construct the corresponding component actions in terms
of the θ ¼ 0 projections of the Cartan forms and prove
their invariance under the N ¼ ð2; 0Þ AdS3 algebra. The
higher time-derivative terms share this symmetry, and
the one with minimal higher derivatives (the anyonic
action) can also be written in terms of Cartan forms. The
analysis will then be extended by the nonrelativistic
limit, which radically simplifies everything: The AdS3
superparticle reduces to the Newton-Hooke superparticle
[5,6], while the higher-derivative terms acquire quite a
compact form.
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II. N ¼ ð2; 0Þ AdS3 ALGEBRA AND FIXING
THE BASIS
The action we are going to construct corresponds
to the partial spontaneous breaking of N ¼ ð2; 0Þ
AdS3 supersymmetry. To start with, let us define
the N ¼ ð2; 0Þ AdS3 superalgebra in a standard way
as (see e.g. [7])
½Mab;Mcd ¼ ϵacMbd þ ϵbdMac þ ϵadMbc þ ϵbcMad
≡ ðMÞab;cd;
½Mab; Pcd ¼ ðPÞab;cd; ½Pab; Pcd ¼ −m
2
16
ðMÞab;cd;
½Mab;Qc ¼ ϵacQb þ ϵbcQa ≡ ðQÞab;c;
½Mab; Q¯c ¼ ðQ¯Þab;c;
½Pab;Qc ¼ i
m
4
ðQÞab;c; ½Pab; Q¯c ¼ i
m
4
ðQ¯Þab;c;
½J;Qa ¼ Qa; ½J; Q¯a ¼ −Q¯a;
fQa; Q¯bg ¼ 2Pab þ i
m
2
Mab þ imϵabJ: ð2:1Þ
Here, the generators Mab ¼ Mba, Pab ¼ Pba, a, b ¼ 1, 2
form the bosonic AdS3 algebra while the fermionic
generators Qa, Q¯a together with the Uð1Þ generator J
extend it to the N ¼ ð2; 0Þ AdS3 one.
Note that in our basis these generators obey the follow-
ing conjugation rules:
ðMabÞ† ¼ −Mab; ðPabÞ† ¼ Pab;
ðJÞ† ¼ J; ðQaÞ† ¼ Q¯a: ð2:2Þ
To have close relations with the previously considered
case of superparticle moving in three-dimensional
Poincaré spacetime [3], one has to choose the generators
spanning N ¼ 2, d ¼ 1 super-Poincaré algebra to which
the AdS3 supersymmetry will be broken. One may
easily check that if we define the generators
fP;Q; Q¯g as
Q ¼ Q1 þ iQ2; Q¯ ¼ Q¯1 − iQ¯2;
P ¼ P11 þ P22 þ i
m
4
ðM11 þM22Þ þmJ; ð2:3Þ
then they will form the N ¼ 2, d ¼ 1 super-Poincaré
algebra
fQ; Q¯g ¼ 2P;
fQ;Qg ¼ fQ¯; Q¯g ¼ ½P;Q ¼ ½P; Q¯ ¼ 0: ð2:4Þ
The remaining bosonic generators, having the proper
form in the flat limit, may be defined as follows:
P; Z ¼ P11 − P22 − 2iP12 þ im
4
ðM11 −M22 − 2iM12Þ;
Z¯ ¼ ðZÞ†;
J3 ¼
i
4
ðM11 þM22Þ; T ¼
i
4
ðM11 −M22 − 2iM12Þ;
T¯ ¼ ðTÞ†: ð2:5Þ
Thus, the bosonic part of the algebra (2.1), i.e. the
algebra soð2; 2Þ × uð1Þ, acquires the form
½J3; T ¼ T; ½J3; T¯ ¼ −T¯; ½T; T¯ ¼ −2J3;
½P; Z ¼ 2mZ; ½P; Z¯ ¼ −2mZ¯;
½Z; Z¯ ¼ −4mPþ 4m2J;
½J3; Z ¼ Z; ½J3; Z¯ ¼ −Z¯;
½T; P ¼ −Z; ½T¯; P ¼ Z¯; ½T; Z¯ ¼ −2Pþ 2mJ;
½T¯; Z ¼ 2P − 2mJ: ð2:6Þ
Clearly, the relations (2.6) are maximally similar to the
D ¼ 3 Poincaré ones we used in [3] and go to them in the
limit m ¼ 0 (with decoupled generator J, of course).
As concerning the fermionic part of N ¼ ð2; 0Þ AdS3
superalgebra (2.1), it is natural to define the generators of
broken supersymmetry as
S ¼ Q¯1 þ iQ¯2; S¯ ¼ Q1 − iQ2: ð2:7Þ
Then commutation relations, which include spinor gener-
ators, read
fQ; Q¯g ¼ 2P; fS; S¯g ¼ 2P − 4mJ;
fQ; Sg ¼ 2Z¯; fQ¯; S¯g ¼ 2Z;
½Z;Q ¼ −2mS¯; ½Z¯; Q¯ ¼ 2mS;
½Z; S ¼ −2mQ¯; ½Z¯; S¯ ¼ 2mQ;
½P; S ¼ −2mS; ½P; S¯ ¼ 2mS¯;
½T;Q ¼ −S¯; ½T¯; Q¯ ¼ S;
½T; S ¼ −Q¯; ½T¯; S¯ ¼ Q;
½J3; Q ¼ − 1
2
Q; ½J3; Q¯ ¼
1
2
Q¯;
½J3; S ¼ − 1
2
S; ½J3; S¯ ¼
1
2
S¯;
½J;Q ¼ Q; ½J; Q¯ ¼ −Q¯; ½J; S ¼ −S;
½J; S¯ ¼ S¯: ð2:8Þ
III. CARTAN FORMS AND TRANSFORMATION
PROPERTIES
In the coset approach [1,2], the spontaneous breakdown
of S, S¯ supersymmetry and Z, Z¯ translations is reflected in
the structure of the coset element
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g ¼ eitPeθQþθ¯ Q¯eψSþψ¯ S¯eiðUZþUZÞeiðΛTþΛTÞ: ð3:1Þ
The N ¼ 2 superfields Uðt; θ; θ¯Þ, ψðt; θ; θ¯Þ and Λðt; θ; θ¯Þ are Goldstone superfields accompanying the N ¼ ð2; 0Þ AdS3
symmetry to N ¼ 2, d ¼ 1 super-Poincaré ×Uð1Þ2 breaking.1 The transformation properties of the coordinates and the
superfields are induced by the left multiplication of the coset element (3.1)
g0g ¼ g0h; h ∼ eiαJeiβJ3 :
The most important transformations read
(i) Unbroken supersymmetry (SUSY) ðg0 ¼ eϵQþϵ¯ Q¯Þ
δθ ¼ ϵ; δθ¯ ¼ ϵ¯; δt ¼ iðϵθ¯ þ ϵ¯θÞ: ð3:2Þ
(ii) Broken SUSY ðg0 ¼ eεSþε¯ S¯Þ
δSθ ¼ 4m~ε ψ¯ θ; δSt ¼ ið~ε ψ¯ þ ~¯εψÞð1 − 6mθθ¯Þ − 4mð~εθu − ~¯ε θ¯ u¯Þð1 − 2mψψ¯Þ;
δSψ ¼ ~εð1 − 2mθθ¯Þð1þ 2mψψ¯Þ − 8im2ψð~εθu − ~¯ε θ¯ u¯Þ; δSu ¼ 2i ~¯ε θ¯ð1 − 2mψψ¯Þð1 − 4m2uu¯Þ; ð3:3Þ
where ~ε ¼ e2imtε.
(iii) Z, Z¯ transformations ðg0 ¼ eiðbZþb¯ Z¯ÞÞ
δZθ ¼ 2im ~¯bψð1þ 2mθθ¯Þ; δZt ¼ 4mð ~bθψ − ~¯b θ¯ ψ¯Þ − 2imð ~b u¯− ~¯buÞð1þ 2mθθ¯Þð1 − 2mψψ¯Þ;
δZu ¼ ~bð1 − 4m2uu¯Þð1þ 2mθθ¯Þð1 − 2mψψ¯Þ;
δZψ ¼ 2im ~¯b θ¯ ð1þ 2mψψ¯Þ þ 4m2ψð ~b u¯− ~¯buÞð1þ 2mθθ¯Þ; ð3:4Þ
where ~b ¼ e−2imtb.
Here, the coordinates of stereographic projections were introduced:
u ¼ tanh ð2m
ﬃﬃﬃﬃﬃﬃﬃ
UU¯
p
Þ
2m
ﬃﬃﬃﬃﬃﬃﬃ
UU¯
p U; λ ¼ tanhð
ﬃﬃﬃﬃﬃﬃﬃ
ΛΛ¯
p
Þﬃﬃﬃﬃﬃﬃﬃ
ΛΛ¯
p Λ: ð3:5Þ
The local geometric properties of the system are specified by the left-invariant Cartan forms
g−1dg ¼ iΩPPþ iΩZZ þ iΩ¯ZZ¯ þ iΩTT þ iΩ¯TT¯ þ iΩ3J3 þ iΩJJ þ ΩQQþ Ω¯QQ¯þΩSSþ Ω¯SS¯; ð3:6Þ
which look much more complicated than in the flat spacetime (m → 0) [3]:
ΩP ¼
1
1 − λλ¯ ½ð1þ λλ¯ÞΩˆP − 2iðλ¯ΩˆZ − λ
ˆ¯ΩZÞ; ΩQ ¼
ΩˆQ − iλ¯ ˆ¯ΩSﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − λλ¯p ;
ΩZ ¼
1
1 − λλ¯ ½ΩˆZ − λ
2 ˆ¯ΩZ þ iλΩˆP; ΩJ ¼ ΩˆJ − 1
1 − λλ¯ ½2mλλ¯ΩˆP − 2imðλ¯ΩˆZ − λ
ˆ¯ΩZÞ;
ΩT ¼
dλ
1 − λλ¯ ; Ω3 ¼ i
λdλ¯ − dλλ¯
1 − λλ¯ ; ΩS ¼
ΩˆS − iλ¯ ˆ¯ΩQﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − λλ¯p ; ð3:7Þ
where the hatted forms read
1These two additional Uð1Þ groups are formed by the generators J and J3.
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ΩˆP ¼
ð1þ 4m2uu¯ÞΔˆtþ 2imðudu¯ − u¯duÞ þ 8mðuψdθ − u¯ ψ¯ dθ¯Þ
1 − 4m2uu¯ ;
ΩˆZ ¼
duþ 2imuΔˆt − 2iðψ¯dθ¯ − 4m2u2ψdθÞ
1 − 4m2uu¯ ;
ΩˆJ ¼ −
8m3uu¯
1 − 4m2uu¯ Δˆtþ 2im
2
u¯du − du¯u
1 − 4m2uu¯ − 8
m2ðuψdθ − u¯ ψ¯ dθ¯Þ
1 − 4m2uu¯
− 8m2½dt − iðθdθ¯ þ θ¯dθÞψψ¯ þ 2imðψdψ¯ þ ψ¯dψÞ
¼ 2m½dt − iðθdθ¯ þ θ¯dθÞ −mΔˆt −mΩˆP;
ΩˆQ ¼
Δθ − 2imu¯Δψ¯ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 4m2uu¯p ; ΩˆS ¼
Δψ − 2imu¯Δθ¯ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 4m2uu¯p : ð3:8Þ
Here,
Δˆt ¼ ð1þ 4mψψ¯Þ½dt − iðθdθ¯ þ θ¯dθ þ ψdψ¯ þ ψ¯dψÞ≡ ð1þ 4mψψ¯ÞΔt;
Δθ ¼ ð1 − 2mψψ¯Þdθ; Δψ ¼ dψ − 2imψ½dt − iðθdθ¯ þ θ¯dθÞ: ð3:9Þ
In what follows, we find it convenient to define the
covariant derivatives similarly to the flat case, i.e. with
respect to differentials Δt, dθ, dθ¯:
dt
∂
∂tþ dθ
∂
∂θ þ dθ¯
∂
∂θ¯ ¼ Δt∇t þ dθ∇þ dθ¯ ∇¯ : ð3:10Þ
Explicitly, they read
∇t ¼ E−1∂t; ∇ ¼ D − iðψ¯∇ψ þ ψ∇ψ¯Þ∂t;
∇¯ ¼ D¯ − iðψ¯ ∇¯ψ þ ψ∇¯ ψ¯Þ∂t; ð3:11Þ
where
E ¼ 1þ ið _ψ ψ¯ þ _¯ψψÞ; D ¼ ∂∂θ − iθ¯∂t;
D¯ ¼ ∂∂θ¯ − iθ∂t∶ fD; D¯g ¼ −2i∂t: ð3:12Þ
These derivatives obey the following algebra:
f∇; ∇¯g ¼ −2ið1þ∇ψ∇¯ ψ¯ þ∇¯ψ∇ψ¯Þ∇t;
f∇;∇g ¼ −4i∇ψ¯∇ψ∇t; f∇¯; ∇¯g ¼ −4i∇¯ ψ¯ ∇¯ψ∇t;
½∇t;∇ ¼ −2ið∇ψ¯∇tψ þ∇ψ∇tψ¯Þ∇t;
½∇t; ∇¯ ¼ −2ið∇¯ ψ¯ ∇tψ þ ∇¯ψ∇tψ¯Þ∇t: ð3:13Þ
IV. PRELIMINARY CONSIDERATION: THE
BOSONIC ACTION
Before considering the full supersymmetric AdS3 system
it makes sense to analyze its bosonic sector.
The bosonic sector of our N ¼ ð2; 0Þ supersymmetric
AdS3 superalgebra (2.1) contains the bosonic AdS3 algebra
[i.e. soð2; 2Þ algebra] commuting with the Uð1Þ algebra
spanned by the generator J. In this section we are going
to consider the spontaneous breakdown of this AdS3 × S1
symmetry down to d¼1 Poincaré ×Uð1Þ2 algebra, gener-
ated by P, J and J3 generators. Therefore, our coset element
is just the ðθ;ψ→0Þ limit of the full coset element (3.1):
g ¼ eitPeiðUZþUZÞeiðΛTþΛTÞ: ð4:1Þ
The corresponding (θ, ψ → 0) limit of the Cartan forms read
ωP ¼
1
1 − λλ¯ ½ð1þ λλ¯ÞωˆP − 2iðλ¯ωˆZ − λ ˆ¯ωZÞ;
ωZ ¼
1
1 − λλ¯ ½ωˆZ − λ
2 ˆ¯ωZ þ iλωˆP;
ωJ ¼ ωˆJ − 1
1 − λλ¯ ½2mλλ¯ωˆP − 2imðλ¯ωˆZ − λ ˆ¯ωZÞ;
ωT ¼
dλ
1 − λλ¯ ; ω3 ¼ i
λdλ¯ − dλλ¯
1 − λλ¯ ; ð4:2Þ
where
ωˆP ¼
1
1 − 4m2uu¯ ½ð1þ 4m
2uu¯Þdtþ 2imðudu¯ − u¯duÞ;
ωˆZ ¼
1
1 − 4m2uu¯ ½duþ 2imudt;
ˆ¯ωZ ¼
1
1 − 4m2uu¯ ½du¯ − 2imu¯dt;
ωˆJ ¼ − 2m
2
1 − 4m2uu¯ ½4muu¯dtþ iðudu¯ − u¯duÞ
¼ mðdt − ωˆPÞ: ð4:3Þ
To reduce the number of independent Goldstone fields,
similarly to the flat space case [3], one may impose the
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following conditions on the Cartan forms ωZ and ω¯Z
(inverse Higgs phenomenon [8]):
ωZ ¼ 0⇒ ωˆZ ¼ −i λ
1þ λλ¯ ωˆP
⇒
λ
1þ λλ¯ ¼ i
_uþ 2imu
1þ 4m2uu¯þ 2imðu _¯u − u¯_uÞ ;
ω¯Z ¼ 0⇒ ˆ¯ωZ ¼ i
λ¯
1þ λλ¯ ωˆP
⇒
λ¯
1þ λλ¯ ¼ −i
_¯u − 2imu¯
1þ 4m2uu¯þ 2imðu _¯u − u¯ _uÞ ;
ð4:4Þ
and, therefore,
_u ¼ −i ð2muþ λÞð1þ 2muλ¯Þ
1þ λλ¯þ 2mðu¯λþ uλ¯Þ : ð4:5Þ
These constraints are purely kinematic ones. Thus, to
realize this spontaneous breaking of AdS3 × Uð1Þ sym-
metry we need one complex scalar field, uðtÞ and u¯ðtÞ.
Using the constraints (4.4), one may further simplify the
Cartan forms ωP, ωJ (4.2) to be
ωP ¼
1 − λλ¯
1þ λλ¯ ωˆP; ωJ ¼ mdt −m
1 − λλ¯
1þ λλ¯ ωˆP: ð4:6Þ
Clearly, the simplest action, invariant under full AdS3 ×
Uð1Þ symmetry, is
S0 ¼−m0
Z
ωP
¼−m0
Z
dt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ2imð _uu¯−u _¯uÞ
1−4m2uu¯

2
−4 _u _¯uð1−4m2uu¯Þ2
s
¼−m0
Z
dt
1−λλ¯
1þλλ¯þ2mðλu¯þ λ¯uÞ : ð4:7Þ
One may check that the curvature of the space with the
metric
ds2 ¼ −

dtþ 2imðduu¯ − udu¯Þ
1 − 4m2uu¯

2
þ 4 dudu¯ð1 − 4m2uu¯Þ2
ð4:8Þ
is equal to R ¼ −6m2.
Keeping in mind that the Cartan form ω3 is shifted by the
full time derivative under all transformations of the AdS3 ×
Uð1Þ group, the invariant anyonic term, i.e. the action
which results in the at most third-order time derivative
equations of motion of the fields and which possesses the
invariance under full AdS3 ×Uð1Þ symmetry, acquires
the form
Sanyon ¼ −
Z
ω3 ¼ i
Z
dt
_λ λ¯− _¯λλ
1 − λλ¯ : ð4:9Þ
In terms of u, u¯ and their derivatives it reads
Sanyon ¼
Z
dt

2iðü _¯u − ̈u¯_uÞ − 8m _u _¯uþ 8im2ð _uu¯ − _¯uuÞ þ 4mðüu¯þ ̈u¯uÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 − 4m2uu¯ − 2imð _¯uu − _uu¯ÞÞ2 − 4_u _¯up
× ½1þ 4m2uu¯þ 2imðu _¯u− u¯ _uÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 − 4m2uu¯ − 2imð _¯uu − _uu¯ÞÞ2 − 4_u _¯u
q
−1

: ð4:10Þ
The actions S0 (4.7) and Sanyon (4.10) may be slightly simplified by passing to new variables q, q¯ defined as
q ¼ e2imtu; q¯ ¼ e−2imtu¯: ð4:11Þ
In terms of these variables the action of the AdS3 particle reads
S0 ¼ −m0
Z
dt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 2im _qq¯ − _¯qq
1 − 4m2qq¯

2
− 4_q _¯qð1 − 4m2qq¯Þ2
s
; ð4:12Þ
while the anyonic action (4.10) is simplified to be
Sanyon ¼
Z
dt

2iðq̈ _¯q− ̈q¯ _qÞ þ 8m _q _¯qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 − 4m2qq¯þ 2imð _¯qq − _q q¯ÞÞ2 − 4_q _¯qp
× ½1 − 4m2qq¯þ 2imð _¯qq − _q q¯Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 − 4m2qq¯þ 2imð _¯qq − _q q¯ÞÞ2 − 4_q _¯q
q
−1

: ð4:13Þ
This action can be rewritten through the Lagrangian LPS2 of a particle on the pseudosphere and connection Aμ as
Sanyon ¼
Z
dt
2i q̈
_¯q− ̈q¯ _q
ð1−4m2qq¯Þ2 þ 8mLPS2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 −Aμ _qμÞ2 − 4LPS2
q
ð1 −Aμ _qμ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 −Aμ _qμÞ2 − 4LPS2
q
Þ
: ð4:14Þ
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Here
LPS2 ¼
_q _¯q
ð1 − 4m2qq¯Þ2 ; Aμ _q
μ ¼ 2im _q q¯− _¯qq
1 − 4m2qq¯ :
ð4:15Þ
The AdS3 anyon action, written in terms of the λ, λ¯
variables (4.9), has the same form as in the flat
spacetime case [3]. This analogy is slightly broken
for the AdS3 rigid particle action, which is invariant
under the full AdS3 ×Uð1Þ symmetry and leads to
equations of motion of at most fourth order in time
derivatives,
Srigid ¼
Z
ωTω¯T
ωP
¼
Z
dt

1þ 2m λu¯þ λ¯u
1þ λλ¯

1þ λλ¯
ð1 − λλ¯Þ3

_λ _¯λ : ð4:16Þ
The term proportional to m is needed to provide
invariance with respect to the AdS3 symmetry, realized
by left multiplications of the coset element (4.1) as
follows:
g0 ¼ eiðaTþa¯ T¯Þ⇒ δTt ¼ −iau¯ðe2imt þ 1Þ
þ ia¯uðe−2imt þ 1Þ;
δTλ ¼ a − a¯λ2;
δTu ¼
a
2m
e−2imtð1 − 4m2uu¯Þ − 1
2m
ða − 4m2a¯u2Þ;
g0 ¼ eiðbZþb¯ Z¯Þ⇒ δZt ¼ −2imðbe−2imtu¯ − b¯e2imtuÞ;
δZu ¼ bð1 − 4m2uu¯Þe−2imt; δZλ ¼ 0: ð4:17Þ
Let us finally stress that the actions (4.7), (4.10),
and (4.16) we constructed are precisely the flat spacetime
expressions when expressed in the terms of Cartan
forms [3].
V. FULLY SUPERSYMMETRIC CASE
To construct supersymmetric component actions, invari-
ant under both unbrokenQ and broken S supersymmetries,
in full analogy with the flat case [3], one has to perform
four steps:
(i) impose some additional constraints to reduce the
number of independent superfields and impose
irreducibility constraints on the essential superfields;
(ii) find the transformation properties of the physical
components under both supersymmetries;
(iii) write an ansatz for the component actions invariant
under broken supersymmetries (the corresponding
invariants are provided by the Cartan forms evalu-
ated at θ ¼ θ¯ ¼ 0 condition);
(iv) fix the arbitrary parameters in the ansatz by demand-
ing invariance under the unbroken supersymmetry.
Let us go through these steps.
A. Irreducibility conditions
From the beginning, in our coset (3.1) there are three
independent complex superfields u, ψ, λ [considering the
redefinitions (3.5)]. To reduce the number of independent
superfields we impose the same conditions (4.4) as in the
bosonic sector,
ΩZ ¼ 0
Ω¯Z ¼ 0

⇒ ΩˆZ ¼ −i λ
1þ λλ¯ ΩˆP;
ˆ¯ΩZ ¼ i
λ¯
1þ λλ¯ ΩˆP:
ð5:1Þ
Equating the coefficients of the differentials Δt, dθ and dθ¯
we get
ð1 − 4mψψ¯Þ∇tu ¼ −2imu − i λð1 − 4m
2uu¯Þ
1þ λλ¯þ 2mðλu¯þ λ¯uÞ ;
ð1 − 4mψψ¯Þ∇tu¯ ¼ 2imu¯þ i λ¯ð1 − 4m
2uu¯Þ
1þ λλ¯þ 2mðλu¯þ λ¯uÞ
ð5:2Þ
and
∇uþ 4muψ∇tu ¼ 0; ∇¯ u¯−4mu¯ ψ¯ ∇tu¯ ¼ 0; ð5:3Þ
∇¯u ¼ −2iψ¯ð1 − 4m2uu¯þ 2imu¯∇tuÞ;
∇u¯ ¼ −2iψð1 − 4m2uu¯þ 2imu∇tu¯Þ: ð5:4Þ
These relations simplify the form ΩP to
ΩP ¼
1 − λλ¯
1þ λλ¯ ΩˆP;
ΩˆP ¼ ð1þ 4mψψ¯Þ

Δtþ 4mðuψdθ − u¯ ψ¯ dθ¯Þ
1þ 2m u¯λþuλ¯
1þλλ¯

: ð5:5Þ
In principle, (5.2)–(5.4) solve all tasks. Indeed, using
(5.2) one may express the superfields λ, λ¯ in terms of time
derivatives of u, u¯, while (5.3) can be solved to express
the fermionic superfields ψ, ψ¯ in terms of spinor covariant
derivatives of the same u, u¯. Thus, like in the flat case [3],
we remain with only one N ¼ 2 complex bosonic
superfield uðt; θ; θ¯Þ, restricted by (5.3) to be covariantly
chiral, with slightly modified chirality conditions.
However, in what follows we are going to use as indepen-
dent components the θ ¼ θ¯ ¼ 0 projections of the super-
fields ψ, ψ¯ instead of the projections of ∇¯u and ∇u¯.
Therefore, it would be useful to find the consequences of
the constraints (5.2)–(5.4).
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First of all, acting by ∇ on the first equation in (5.3) and
by ∇¯ on the second one and using the algebra (3.13) of the
covariant derivatives, we get the conditions
∇ψ þ 4muψ∇tψ ¼ 0; ∇¯ ψ¯ −4mu¯ ψ¯ ∇tψ¯ ¼ 0:
ð5:6Þ
Note that this asserts the self-consistency of the modified
chirality constraints (5.3) because
f∇þ 4muψ∇t;∇þ 4muψ∇tg ¼ 0;
f∇¯ − 4mu¯ ψ¯ ∇t; ∇¯ − 4mu¯ ψ¯ ∇tg ¼ 0: ð5:7Þ
Secondly, acting by ∇¯ on the first equation in (5.3) and by
∇ on the first equation in (5.4) and adding the results, after
quite lengthly calculations with heavy use of (3.13), we
obtain
∇ψ¯ ¼ −i λþ 2mu
1þ 2mu¯λ ð1 − 4mψψ¯Þ − 8im
2uψψ¯
− 4muψ∇tψ¯: ð5:8Þ
Repeating similar calculations with the second equations in
(5.3), (5.4) yields the conjugated expression
∇¯ψ ¼ i λ¯þ 2mu¯
1þ 2muλ¯ ð1 − 4mψψ¯Þ þ 8im
2u¯ψψ¯
þ 4mu¯ ψ¯ ∇tψ: ð5:9Þ
Now we have all ingredients needed for constructing the
component action.
Before closing this subsection let us visualize a more
simple way to obtain (5.8) and (5.9). The idea consists in
using the constraints2
ΩSjΩQ;Ω¯Q ¼ 0; Ω¯SjΩQ;Ω¯Q ¼ 0: ð5:10Þ
Here, the notation jΩQ;Ω¯Q means that the Cartan forms ΩS
and Ω¯S must be expanded in the forms ΩP, ΩQ, Ω¯Q before
nullifying their jΩQ;Ω¯Q projections. At first sight these
conditions seem to be more complicated due to the highly
nontrivial structure of the Cartan forms involved. However,
this is not the case and the calculations can be simplified
using the following procedure.
With the help of our definitions (3.7), the first constraint
in (5.10) can be formally represented as
ΩS ¼
ΩˆS − iλ¯ ˆ¯ΩQﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − λλ¯p ¼ ΩPX; ð5:11Þ
where X is some expression which is defined by this
equation. The main difference between (5.10) and (5.11) is
that the latter one is written as the equation on forms.
Therefore, one may just substitute in (5.11) the exact
expressions from (3.8) and equate on both sides the
coefficients of the differentials Δt, dθ and dθ¯. The Δt
coefficient relation yields X in terms of ∇tψ. Substituting
this expression for X in the dθ, dθ¯ projections of (5.11) we
immediately obtain the first equation in (5.6) and also (5.9).
The same procedure applied to the second constraint in
(5.10) produces the second equation in (5.6) as well
as (5.8).
These considerations demonstrate that the constraints
(5.10) are a consequence of our basic constraints (5.1).
B. Transformation properties of the components
As we are going to construct the component actions, we
need to know the transformation laws for the components.
We denote the components of the superfields in the
following way:
ujθ¼0 ¼ u; u¯jθ¼0 ¼ u¯; ψjθ¼0 ¼ ψ ;
ψ¯jθ¼0 ¼ ψ¯ ; λjθ¼0 ¼ λ; λ¯jθ¼0 ¼ λ¯: ð5:12Þ
Equations (5.2) evaluated at θ ¼ θ¯ ¼ 0 provide relations
between λ, λ¯ and the time derivatives of u, u¯. Thus, λ, λ¯
are not independent components. We introduce these
variables just to simplify many expressions in what
follows.
1. Broken S supersymmetry
The transformation properties of our components (5.12)
under broken supersymmetry can be easily learned from
(3.3). Before listing these transformations, we point out
that, in contrast to the flat case [3], the superspace
coordinates θ and θ¯ are not invariant under the broken
supersymmetry (3.3):
δSθ ¼ 4mεe2imtψ¯θ; δSθ¯ ¼ −4mε¯e−2imtψθ¯:
However, the right-hand sides of these variations disappear
in the limit θ ¼ θ¯ ¼ 0 and, thus, the set of the components
fu; u¯;ψ ; ψ¯g is closed under the broken supersymmetry.
The corresponding transformations read
δSt ¼ iðεe2imtψ¯ þ ε¯e−2imtψÞ;
δSψ ¼ εe2imtð1þ 2mψψ¯Þ; δSψ¯ ¼ ε¯e−2imtð1þ 2mψψ¯Þ;
δSu ¼ 0; δSu¯ ¼ 0. ð5:13Þ
It is rather easy to check that the expression
ð1þ 4mψψ¯ÞΔtjθ¼0 ¼ ð1þ 4mψψ¯Þ½dt − iðψdψ¯ þ ψ¯dψÞ
≡ Edt ð5:14Þ
2These conditions, being some variant of the superembedding
conditions [9], were trivial in the flat case [3].
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is invariant with respect to (5.13). Therefore, it is natural to
define a new covariant derivative as
Dt ¼ E−1∂t;
E−1 ¼ ð1 − 4mψψ¯Þ½1 − iðDtψψ¯ þDtψ¯ψÞ: ð5:15Þ
It then immediately follows from (5.14) and (5.15) that
δSDtu ¼ 0; δSDtu¯ ¼ 0⇒ δSλ ¼ δSλ¯ ¼ 0: ð5:16Þ
2. Unbroken Q supersymmetry
The transformations under unbroken Q supersymmetry
can be defined in the usual way as
δQf ¼ −ðϵDþ ϵ¯ D¯Þfjθ→0 ¼ −ðϵ∇þ ϵ¯ ∇¯Þfjθ→0 −H∂t;
H ¼ iϵðψ∇ψ¯ þ ψ¯∇ψÞjθ→0 þ iϵ¯ðψ∇¯ ψ¯ þψ¯ ∇¯ψÞjθ→0:
ð5:17Þ
For example,
δQu ¼ 2iϵ¯ ψ¯ð1 − 4m2uu¯Þ þ 4mðϵuψ − ϵ¯ u¯ ψ¯ÞDtu −H _u;
δQψ ¼ −ðϵ∇ψ þ ϵ¯ ∇¯ψÞjθ→0 −H _ψ : ð5:18Þ
Another important object is the vielbein E (5.15) which
transforms as follows:
δQE ¼ 2ið1þ 4mψψ¯ÞE½ðϵ∇ψ þ ϵ¯ ∇¯ψÞjθ→0 _¯ψ
þ ðϵ∇ψ¯ þ ϵ¯ ∇¯ ψ¯Þjθ→0 _ψ 
− 4mEðϵ∇ψ þ ϵ¯ ∇¯ψÞjθ→0ψ¯
þ 4mEðϵ∇ψ¯ þ ϵ¯ ∇¯ ψ¯Þjθ→0ψ − ∂tðHEÞ: ð5:19Þ
Of course, to find the explicit form of the transformations
(5.19) one has to use the relations (5.6), (5.8), (5.9)
evaluated at θ ¼ θ¯ ¼ 0:
ð∇ψÞjθ¼0 þ 4muψDtψ ¼ 0;
ð∇¯ ψ¯Þjθ¼0 − 4mu¯ ψ¯ Dtψ¯ ¼ 0;
ð∇ψ¯Þjθ¼0 ¼ −i λþ 2mu1þ 2mu¯λ ð1 − 4mψψ¯Þ
− 8im2uψψ¯ − 4muψDtψ¯ ;
ð∇¯ψÞjθ¼0 ¼ i λ¯þ 2mu¯
1þ 2muλ¯ ð1 − 4mψψ¯Þ
þ 8im2u¯ψψ¯ þ 4mu¯ ψ¯ Dtψ :
ð5:20Þ
In particular, the transformation (5.19) acquires the form
δQE ¼ −∂tðHEÞ þ 2E λþ 2mu
1þ 2mu¯λ ϵðDtψ − 2imψÞ
− 2E λ¯þ 2mu¯
1þ 2muλ¯ ϵ¯ðDtψ¯ þ 2imψ¯Þ: ð5:21Þ
Finally, we stress that the relations between the components
u, u¯ and λ, λ¯ are given by the following expressions:
Dtu ¼ −2imu − i λð1 − 4m
2uu¯Þ
1þ λλ¯þ 2mðλu¯þ λ¯uÞ ;
Dtu¯ ¼ 2imu¯þ i
λ¯ð1 − 4m2uu¯Þ
1þ λλ¯þ 2mðλu¯þ λ¯uÞ : ð5:22Þ
C. Actions
We are ready to construct the supersymmetric generaliza-
tion of the actions (4.7) and (4.9).3 As they have different
dimension, these actions must be invariant individually.
1. Superparticle
It is easy to check that the evident ansatzZ
dtEFðu; u¯; λ; λ¯Þ
is invariant under the broken supersymmetry for any
function F because, in virtue of (5.13), (5.14), (5.16),
δSF ¼ 0; δSðdtEÞ ¼ 0: ð5:23Þ
The desired bosonic limit (4.7) immediately fixes the
function F up to constant α:
S0 ¼ −m0
Z
dtE

αþ 1 − λλ¯
1þ λλ¯þ 2mðuλ¯þ u¯λÞ

: ð5:24Þ
This constant α can be determined as unity either from
linearized Q supersymmetry invariance or from the flat
spacetime action of [3]. Let us explicitly demonstrate that
the action
S0 ¼ −m0
Z
dtE

1þ 1 − λλ¯
1þ λλ¯þ 2mðuλ¯þ u¯λÞ

≡−m0
Z
dtL ð5:25Þ
is invariant under the unbroken Q supersymmetry.
Using (5.18) and (5.22), one finds that
δQλ ¼ −2ϵ¯ðDtψ¯ þ 2imψ¯Þ 1þ 2mu¯λ
1þ 2muλ¯ ð1þ λλ¯þ 2mðuλ¯ − u¯λÞÞ þ 4mðϵuψ − ϵ¯ u¯ ψ¯ÞDtλ −H∂tλ; δQλ¯ ¼ ðδQλÞ
†: ð5:26Þ
3Higher-order corrections to the superparticle superspace action in flat spacetime were considered previously in [10].
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Now, the variation of integrand in (5.25) reads
δQL ¼ −∂tðHLÞ þ 4mEðϵuψ − ϵ¯ u¯ ψ¯ÞDt

1 − λλ¯
1þ λλ¯þ 2mðuλ¯þ u¯λÞ

þ 4mEðϵDtψu − ϵ¯Dtψ¯ u¯Þ 1 − λλ¯
1þ λλ¯þ 2mðuλ¯þ u¯λÞ
− 4imEϵψ ð1 − λλ¯Þð1þ 2muλ¯Þðλþ 2muÞ½1þ λλ¯þ 2mðuλ¯þ u¯λÞ2 − 4imEϵ¯ ψ¯
ð1 − λλ¯Þð1þ 2mu¯λÞðλ¯þ 2mu¯Þ
½1þ λλ¯þ 2mðuλ¯þ u¯λÞ2 : ð5:27Þ
Using the relations (5.22), the last line in (5.27) may be
represented as
4mEðϵψDtu − ϵ¯Dtψ¯Dtu¯Þ 1 − λλ¯
1þ λλ¯þ 2mðuλ¯þ u¯λÞ ;
and, therefore,
δQL ¼ −∂tðHLÞ þ 4mEDt
ðϵψu − ϵ¯ ψ¯ u¯Þð1 − λλ¯Þ
1þ λλ¯þ 2mðuλ¯þ u¯λÞ

¼ ∂t

−HLþ 4m ðϵψu − ϵ¯ ψ¯ u¯Þð1 − λλ¯Þ
1þ λλ¯þ 2mðuλ¯þ u¯λÞ

: ð5:28Þ
Thus, the action (5.25) is invariant under both the broken S
and unbrokenQ supersymmetries, and it is the action of the
N ¼ ð2; 0Þ AdS3 superparticle.
The AdS3 superparticle action (5.25) may be written in
terms of the Cartan forms evaluated at θ ¼ dθ ¼ 0 in a
rather simple way as
S0 ¼
m0
m
Z
ΩJjθ¼0: ð5:29Þ
2. Supersymmetric AdS3 anyon
The supersymmetrization of the anyoniclike action (4.9)
is more involved. To construct it, let us firstly note that,
with respect to broken supersymmetry, the covariant time
derivatives of the fermionic components Dtψ and Dtψ¯
transform as
δSDtψ ¼ 2imεe2imtð1 − 2mψψ¯Þ − 4mεe2imtψ¯Dtψ ;
δSDtψ¯ ¼ −2imε¯e−2imtð1 − 2mψψ¯Þ þ 4mε¯e−2imtψDtψ¯ :
ð5:30Þ
Therefore, the S-invariant fermionic correction to the
bosonic action (4.9) has the formZ
dtEF ðλ; λ¯; u; u¯Þð1þ 4mψψ¯ÞðDtψ − 2imψÞ
× ðDtψ¯ þ 2imψ¯Þ:
Thus, our ansatz for the supersymmetric AdS3 anyonic
action reads
Sanyon ¼
Z
dtE

i
Dtλλ¯ −Dtλ¯λ
1 − λλ¯ þ F ðλ; λ¯; u; u¯Þð1þ 4mψψ¯ÞðDtψ − 2imψÞðDtψ¯ þ 2imψ¯Þ

≡
Z
dtLanyon; ð5:31Þ
where the function F has to be determined by invariance under unbroken supersymmetry. The first term in (5.31) is a direct
supersymmetrization of the bosonic anyon action and, by construction, is invariant under broken supersymmetry.
Due to the transformation property of all our ingredients, which roughly takes the form
δQE ∼ −∂tðHEÞ þ    ;
δQðu; u¯; λ; λ¯Þ ∼ −Hð∂tu; ∂tu¯; ∂tλ; ∂tλ¯Þ þ    ;
theH-dependent terms convert into full time derivatives. Hence, while checking invariance of the action, these terms can be
ignored.
The simplest way to fix the function F is to consider the variation of the action (5.31) to first order in the fermions ψ , ψ¯ .
At this order the variation of the integrand in (5.31) reads (we write only the ϵ part of transformations)
δQLanyon ≈ 4iϵð∂tψ − 2imψÞ∂tλ 1þ 2muλ¯
1þ 2mu¯λ
1þ λλ¯þ 2mðuλ¯þ u¯λÞ
ð1 − λλ¯Þ2 − iϵð∂tψ − 2imψÞ∂tλ ·
1 − 4m2uu¯
ð1þ 2mu¯λÞ2F : ð5:32Þ
To cancel this variation one has to choose F as
F ¼ 4 ð1þ 2mu¯λÞð1þ 2muλ¯Þð1þ λλ¯þ 2mðuλ¯þ u¯λÞÞð1 − 4m2uu¯Þð1 − λλ¯Þ2 : ð5:33Þ
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Now, it is a matter of direct but slightly complicated calculation to check that the action (5.31) is invariant under the
unbroken supersymmetry to all orders in the fermionic variables. The terms which are not explicitly canceled in the
variation of the integrand in (5.31) read (all terms coming from ∂λF and ∂ λ¯F canceled trivially)
δQLanyon ¼ −∂tðHLanyonÞ þ 4mϵuψE ·Dt½F ð1þ 4mψψ¯ÞðDtψ − 2imψÞðDtψ¯ þ 2imψ¯Þ
þ ϵψDtψDtψ¯E

2i
∂F
∂u¯ ð1 − 4m
2uu¯Þ þ 4imF

−λ 1 − 4m
2uu¯
1þ 2mu¯λ − 8iDtuþ 8mu

þ ϵψψ¯DtψE · 4m
∂F
∂u¯ ð1 − 4m
2uu¯Þ − 2mF

λþ 2mu
1þ 2mu¯λþ 2iDtu − 4mu

: ð5:34Þ
It is straightforward to evaluate the curved brackets, as the
function F is already known (5.33). Substituting here the
expression for Dtu (5.22), one finds that the last two lines
in (5.34) combine to
− 16imλE ð1þ 2mu¯λÞð1þ 2muλ¯Þð1 − λλ¯Þ2
× ½ϵψDtψDtψ¯ − 2imϵψψ¯Dtψ : ð5:35Þ
These terms identically cancel the last term in the first line in
(5.34) (after integrating by parts and substituting expression
for Dtu). Thus, the anyonic action (5.31), with F given by
(5.33), is invariant with respect to both supersymmetries.
Similarly to the action of the AdS3 superparticle (5.29),
the anyonic action has a rather simple shape when written
in terms of Cartan forms:
Sanyon ¼ −
Z 
Ω3 − 4ΩSΩ¯SΩP
				
θ¼0
: ð5:36Þ
The supersymmetric extension of the rigid particle action
(4.16) is a more complicated task. The corresponding
action cannot be written in the terms of Cartan forms.
The exact form of the action will be considered elsewhere.
VI. REDUCTIONS TO THE
NONRELATIVISTIC CASE
The actions we constructed have quite a complicated
structure. A possible way to simplify our system is
considering the nonrelativistic limit. Before reducing the
full supersymmetric case, let us shortly discuss possible
reductions of the purely bosonic system, i.e. the non-
relativistic reductions of the AdS3 algebra.
A. Bosonic reductions
In the bosonic case we have three possible nonrelativistic
reductions of the AdS3 algebra (2.6).
(i) The first reduction consists in the following rescal-
ing of the generators:
Z→ωZ; Z¯→ωZ¯; T→ωT; T¯→ωT¯ ð6:1Þ
and then taking the limitω → ∞. After performing of
this step, we will finish with the following algebra:
½J3; T ¼ T; ½J3; T¯ ¼ −T¯;
½J3; Z ¼ Z; ½J3; Z¯ ¼ −Z¯;
½P; Z ¼ 2mZ; ½P; Z¯ ¼ −2mZ¯;
½T; P ¼ −Z; ½T¯; P ¼ Z¯: ð6:2Þ
Clearly, the generator J is decoupled from the algebra
while J3 generates outer automorphisms.
The algebra (6.2) is just theNewton-Hooke algebra
[11,12]. To bring the commutation relations to the
conventional form [6,13,14] one has to redefine the
generators as follows:
H ¼ P −mJ3; p ¼ Z −mT;
p¯ ¼ Z¯ −mT¯; G ¼ T; G¯ ¼ T¯; J3: ð6:3Þ
In terms of these generators the nonzero commutators
acquire a standard form:
½H;G ¼ p; ½H; G¯ ¼ −p¯;
½H;p ¼ m2G; ½H; p¯ ¼ −m2G¯;
½J3; p ¼ p; ½J3; p¯ ¼ −p¯;
½J3; G ¼ G; ½J3; G¯ ¼ −G¯: ð6:4Þ
(ii) The second reduction includes an additional rescal-
ing of the generator J:
Z → ωZ; Z¯ → ωZ¯; T → ωT;
T¯ → ωT¯; J → ω2J: ð6:5Þ
Taking now the limit ω → ∞ we finish with
the same relations (6.2) and three new nonzero
commutators:
½Z; Z¯ ¼ 4m2J; ½T; Z¯ ¼ 2mJ;
½T¯; Z ¼ −2mJ: ð6:6Þ
The generator J now becomes the central charge
generator, and the corresponding algebra is just the
Bargmann-Newton-Hooke algebra [13], i.e. the
central charge extension of the Newton-Hooke
algebra. In terms of the generators (6.3) new nonzero
commutators have the form
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½p; G¯ ¼ 2mJ; ½p¯; G ¼ −2mJ: ð6:7Þ
(iii) The third reduction includes the rescaling of both
generators J and J3:
Z → ωZ; Z¯ → ωZ¯; T → ωT;
T¯ → ωT¯; J → ω2J; J3 → ω2J3: ð6:8Þ
Again, after taking the limit ω→ ∞, we obtain the
following commutation relations:
½T; P ¼ −Z; ½T¯; P ¼ Z¯;
½P; Z ¼ 2mZ; ½P; Z¯ ¼ −2mZ¯;
½T; T¯ ¼ −2J3; ½T; Z¯ ¼ 2mJ;
½T¯; Z ¼ −2mJ; ½Z; Z¯ ¼ 4m2J: ð6:9Þ
Now both generators J and J3 become central
elements in the algebra (6.9). Moreover, the Uð1Þ
rotations generated previously by the generator J3
disappeared from the algebra. Clearly, the corre-
sponding generator V3 with the relations
½V3; T ¼ T; ½V3; T¯ ¼ −T¯;
½V3; Z ¼ Z; ½V3; Z¯ ¼ −Z¯ ð6:10Þ
can be easily added to the algebra (6.9).
To pass to a conventional form of the algebra one
has to redefine the generators as follows:
H ¼ P −mV3; p ¼ Z −mT; p¯ ¼ Z¯ −mT¯;
G ¼ T; G¯ ¼ T¯; J; J3: ð6:11Þ
The full set of nonzero commutators read
½H;G ¼p; ½H;G¯ ¼−p¯;
½H;p ¼m2G; ½H;p¯ ¼−m2G¯;
½V3;p ¼p; ½V3; p¯ ¼−p¯;
½V3;G ¼G; ½V3; G¯ ¼−G¯;
½p;p¯ ¼−2m2J3; ½p;G¯ ¼ 2mðJþJ3Þ;
½p¯;G ¼−2mðJþJ3Þ; ½G;G¯ ¼−2J3: ð6:12Þ
Thus, we have two central charge extensions of the
Newton-Hooke algebra [15]. The extension with
the central charge J3 exists in three-dimensional
spacetime only and is called “exotic” central
extension [16].
It should be clear that if we choose the coset element in the
usual way as
g ¼ eitPeiðuZþu¯ Z¯ÞeiðλTþλ¯ T¯Þ; ð6:13Þ
then the central charges in the algebra (6.6) and in the
algebra (6.9) will not have any realization on the
coordinates and fields, while the Z, Z¯ and T, T¯ trans-
formations will be realized in the same way for all three
algebras:
δZu ¼ e−2imta; δZu¯ ¼ e2imta¯;
δTu ¼
e−2imt − 1
2m
b; δTu¯ ¼
e2imt − 1
2m
b¯: ð6:14Þ
The advantage of the third reduction is the presence of two
new Cartan forms for the central charge generators which,
as we will see shortly, can be used to construct invariant
actions.
With the coset element (6.13) the Cartan forms read
ωP ¼ dt; ωT ¼ dλ; ω¯T ¼ dλ¯;
ω3 ¼ iðλdλ¯ − λ¯dλÞ;
ωZ ¼ duþ 2imudtþ iλdt; ω¯Z ¼ du¯ − 2imu¯dt − iλ¯dt;
ωJ ¼ −8m3uu¯dtþ 2im2ðu¯du − du¯uÞ − 2mλλ¯dt
− 2im½λðdu¯ − 2imu¯Þ − λ¯ðduþ 2imuÞ: ð6:15Þ
Similarly to the previously considered bosonic case, one
may impose the inverse Higgs effect conditions (4.4):
ωZ ¼ ω¯Z ¼ 0;
which result in expressing λ, λ¯ in terms of u and u¯:
λ ¼ i _u − 2mu; λ¯ ¼ −i _¯u − 2mu¯: ð6:16Þ
Keeping in the mind that the action
R
ωP ¼
R
dt is trivial,
we have three possible invariant actions4:
Sbos0 ¼
1
2m
Z
ωJ ¼
Z
dt½ _u _¯u − imð _uu¯ − u _¯uÞ; ð6:17Þ
Sbosanyon ¼ −
Z
ω3 ¼
Z
dtfiðü _¯u − _u ̈u¯Þ
þ 4im2ð _uu¯ − u _¯uÞ − 8m _u _¯ug; ð6:18Þ
Sbosrigid ¼
Z
ωTω¯T
ωP
¼
Z
dt½ü ̈u¯ − 2imðü _¯u − _u ̈u¯Þ þ 4m2 _u _¯u:
ð6:19Þ
These actions may be slightly simplified by passing to
the new variables
q ¼ e−iγmtu; q¯ ¼ eiγmtu¯; ð6:20Þ
in which they acquire the form
4A nonlinear realization of the algebra (6.12) and the analysis
of the system with Sbos0 were considered previously in [17].
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Sbos0 ¼
Z
dtf _q _¯q− imð1þ γÞð _q q¯− _¯qqÞ þm2γð2þ γÞqq¯g;
ð6:21Þ
Sbosanyon ¼
Z
dtfiðq̈ _¯q− ̈q¯ _qÞ − 2mð4þ 3γÞ _q _¯q
− 2m3γð2þ γÞ2qq¯
þ im2ð2þ γÞð2þ 3γÞð _q q¯− _¯qqÞg; ð6:22Þ
Sbosrigid ¼
Z
dtfq̈ ̈q¯−2imð1þ γÞðq̈ _¯q− ̈q¯ _qÞ
þ 2m2ð2þ 6γ þ 3γ2Þ _q _¯q
− 2iγð1þ γÞð2þ γÞm3ð _q q¯− _¯qqÞ
þm4γ2ð2þ γÞ2qq¯g: ð6:23Þ
Choosing, for example, γ ¼ −1 one may bring the action
Sbos0 to the harmonic oscillator [6],
Sbos0 ¼
Z
dtð _q _¯q−m2qq¯Þ; ð6:24Þ
as it should be for a Newton-Hooke particle. Then the
actions Sbosanyon and Sbosrigid with γ ¼ −1 will give correspond-
ing higher-derivative corrections to this action. All these
actions are invariant under the algebra (6.9).
B. Supersymmetric nonrelativistic
Newton-Hooke particle
It is possible to construct a nonrelativistic version of the
N ¼ ð2; 0Þ supersymmetric AdS3 algebra and the corre-
sponding superparticle actions. Remembering our rescaling
of the bosonic subalgebra (6.5) and preserving the unbro-
ken supersymmetry, one cannot rescale the generators
Q; Q¯. In addition, for keeping the relation fQ; Sg ¼ 2Z¯
in order to realize some sort of inverse Higgs effect, it is
required to rescale the S generator as S → ωS. Performing
such a rescaling and taking the limit ω→ ∞, we obtain the
following superalgebra:
fQ; Q¯g ¼ 2P; fQ; Sg ¼ 2Z¯;
fQ¯; S¯g ¼ 2Z; fS; S¯g ¼ −4mJ;
½Z;Q ¼ −2mS¯; ½Z¯; Q¯ ¼ 2mS;
½P; S ¼ −2mS; ½P; S¯ ¼ 2mS¯;
½T;Q ¼ −S¯; ½T¯; Q¯ ¼ S;
½T; P ¼ −Z; ½T¯; P ¼ Z¯;
½P; Z ¼ 2mZ; ½P; Z¯ ¼ −2mZ¯;
½T; T¯ ¼ −2J3; ½T; Z¯ ¼ −2mJ;
½T¯; Z ¼ 2mJ; ½Z; Z¯ ¼ 4m2J; ð6:25Þ
where the generators J and J3 are still central elements of
the superalgebra.
The coset element can be parameterized as before (3.1):
g ¼ eitPeθQþθ¯ Q¯eψSþψ¯ S¯eiðuZþu¯ Z¯ÞeiðλTþλ¯ T¯Þ:
With such a coset element the Cartan forms are
simplified to
ωP ¼ Δt ¼ dt − iðθdθ¯ þ θ¯dθÞ; ωQ ¼ dθ;
ωT ¼ dλ;ω3 ¼ iðλdλ¯ − λ¯dλÞ;
ωZ ¼ duþ ið2muþ λÞΔt − 2iψ¯dθ¯;
ωS ¼ dψ − 2imψΔt − ið2mu¯þ λ¯Þdθ¯;
ωJ ¼ 2imðψ¯dψ þ ψdψ¯Þ − 8m2ψψ¯Δt
− 8m2ðuψdθ − u¯ ψ¯ dθ¯Þ − 8m3uu¯Δt − 2mλλ¯Δt
− 2imλðdu¯ − 2imu¯Δt − 2iψdθÞ
þ 2imλ¯ðduþ 2imuΔt − 2iψ¯dθ¯Þ
− 2im2ðudu¯ − u¯duÞ: ð6:26Þ
Imposing the standard conditions of the inverse Higgs
effect (4.4),
ωZ ¼ 0; ω¯Z ¼ 0;
we get the equations
Du ¼ 0; D¯u¯ ¼ 0; ð6:27Þ
ψ ¼ i
2
Du¯; ψ¯ ¼ i
2
D¯u; λ ¼ ið _uþ 2imuÞ;
λ¯ ¼ −ið _¯u − 2imu¯Þ; ð6:28Þ
where the flat spinor derivatives D, D¯ were defined in
(3.12). We are dealing with chiral superfields u, u¯ and,
therefore, the physical component fields may be defined in
the usual way as
u ¼ ujθ→0; u¯ ¼ u¯jθ→0;
ψ ¼ ψjθ→0; ψ¯ ¼ ψ¯jθ→0: ð6:29Þ
The transformation properties of these components under
the unbroken supersymmetry Q and the broken supersym-
metry S are very simple:
δQu ¼ −2iϵ¯ ψ¯ ; δQu¯ ¼ −2iϵψ ;
δQψ ¼ ϵ¯ _¯u; δQψ¯ ¼ ϵ _u; ð6:30Þ
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δSu ¼ 0; δSu¯ ¼ 0;
δSψ ¼ εe2imt; δSψ¯ ¼ ε¯e−2imt: ð6:31Þ
To construct the invariant supersymmetric actions gen-
eralizing the bosonic actions (4.7), (4.10), and (4.16), we
must investigate S and Q supersymmetries. It is not hard to
check that these actions are S invariant but not Q invariant.
Thus, one has to find fermionic completions invariant under
Q supersymmetry. It is rather easy to see that the following
fermionic actions:
Sferm0 ¼
Z
dt½ið _ψ ψ¯ þ _¯ψψÞ þ 4mψψ¯ ; ð6:32Þ
Sfermanyon ¼
Z
dt½ _ψ _¯ψ −4m2ψψ¯ ; ð6:33Þ
Sfermrigid ¼
Z
dt½iðψ̈ _¯ψ þ ̈ψ¯ _ψÞ þ 16m3ψψ¯  ð6:34Þ
have the proper dimension and are S invariant. Thus, our
ansatz for the fully supersymmetric actions is
S0 ¼ Sbos0 þ γ0Sferm0 ; ð6:35Þ
Sanyon ¼ Sbosanyon þ γ1Sfermanyon þmγ2Sferm0 ; ð6:36Þ
Srigid ¼ Sbosrigid þ γ3Sfermrigid þmγ4Sfermanyon þm2γ5Sferm0 ; ð6:37Þ
where γ0;…; γ5 are constant parameters. Imposing invari-
ance of these actions under the transformations (6.30),
these constants can be uniquely fixed as
γ0 ¼ −1; γ1 ¼ 4; γ2 ¼ 8;
γ3 ¼ −1; γ4 ¼ −8; γ5 ¼ −4: ð6:38Þ
Thus, the full actions invariant under both the broken ðSÞ
and the unbroken ðQÞ supersymmetries read
S0 ¼
Z
dtf _u _¯u−imð _u u¯− _¯uuÞ − ið _ψ ψ¯ −ψ _¯ψÞ − 4mψψ¯g;
Sanyon ¼
Z
dt½iðü _¯u− _u ̈u¯Þ − 8m _u _¯uþ4im2ð _u u¯−u _¯uÞ
þ 4 _ψ _¯ψ þ8imð _ψ ψ¯ −ψ _¯ψÞ þ 16m2ψψ¯ ;
Srigid ¼
Z
dt½ü ̈u¯−2imðü _¯u− _u ̈u¯Þ þ 4m2 _u _¯u
− iðψ̈ _¯ψ − _ψ ̈ψ¯Þ − 8m _ψ _¯ψ −4im2ð _ψ ψ¯ −ψ _¯ψÞ:
ð6:39Þ
Note that the Newton-Hooke superparticle actions S0
and Sanyon may be represented, similarly to the bosonic
case, as integrals of the Cartan forms (6.26) taken in the
θ → 0 limit:
S0 ¼
1
2m
Z
ωJjθ→0;
Sanyon ¼ −
Z
ω3jθ→0 þ 4
Z 
ωSω¯S
ωP

θ→0
: ð6:40Þ
Finally, the bosonic part of these actions may be slightly
simplified, as in (6.21), by passing to the q, q¯ variables
(6.20). In addition, one may redefine the fermionic com-
ponents in a similar way as
ψ ¼ e−iρmtξ; ψ¯ ¼ eiρmtξ¯: ð6:41Þ
Then fixing the parameter ρ one may reach the desired form
of the fermionic part of the actions. For example, choosing
the new fermionic variables as
ξ ¼ e−2imtψ ; ξ¯ ¼ e2imtψ¯ ; ð6:42Þ
one may represent the fermionic parts of the actions
(6.39) as
S0 ¼
Z
dt½… − ið_ξ ξ¯− ξ _¯ξÞ;
Sanyon ¼
Z
dt½…þ 4_ξ _¯ξ;
Srigid −mSanyon ¼
Z
dt½… − iðξ̈ _¯ξ− _ξ ̈ξ¯Þ: ð6:43Þ
C. Comments
We make some comments concerning the nonrelativis-
tic case.
(i) The structure of the bosonic actions (6.17) is
completely fixed by the symmetry under the
ðZ; Z¯Þ and ðT; T¯Þ transformations realized as (6.14)
δZu ¼ e−2imta; δZu¯ ¼ e2imta¯;
δTu ¼
e−2imt − 1
2m
b; δTu¯ ¼
e2imt − 1
2m
b¯:
(ii) The fermionic components ðψ ; ψ¯Þ are invariant
under the ðZ; Z¯Þ and ðT; T¯Þ transformations
δZψ ¼ δZψ¯ ¼ 0; δTψ ¼ δT ψ¯ ¼ 0; ð6:44Þ
and, thus, the fermionic terms completing the
bosonic actions to the full supersymmetric ones
(6.39) are determined by their invariance under
the S, S¯ and Q, Q¯ transformations (6.30) and (6.31).
(iii) The action S0 (6.39) is some variant of generalized
Galileon action (see e.g. [18,19]). Indeed, the trans-
formations (6.14) are some variant of polynomial
shift symmetries [20]. They go to the standard
Galileon symmetries in the flat ðm → 0Þ limit
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δZujm→0 ¼ a; δTujm→0 ¼ −ibt: ð6:45Þ
(iv) Our supersymmetric actions (6.39) are a supersym-
metrization of extended Galileon actions. Of course,
these are not really Galileons, because in one
dimension the higher-dimensional terms in the
action always produce higher-order equations of
motion. Nevertheless, our actions possess the proper
extension (6.14) of the Galilean symmetries (6.44).
Funnily enough, the simplest harmonic oscillator
action (6.24) (as well as its supersymmetric exten-
sion) features such a symmetry, and it may be called
“extended Galileon”.
(v) Due to the slightly nonstandard reduction we used
(6.5), the actions (6.40) can be represented in terms
of Cartan formswhich behave asWess-Zumino terms
under ðZ; T; SÞ transformations. Performing the first
reduction (6.1), the forms ωJ, ω3 will vanish and,
therefore, the proper actions should be constructed in
a standard way as Wess-Zumino terms [18].
VII. CONCLUSION
We have extended our previous analysis of a super-
particle moving in flat D ¼ 2þ 1 spacetime (including
higher time derivatives) [3] to a superparticle moving on
AdS3, with N ¼ ð2; 0Þ, D ¼ 3 supersymmetry partially
broken to N ¼ 2, d ¼ 1. We have employed the coset
approach to constructing the component actions. The
higher time-derivative terms were chosen to preserve all
(super)symmetries of the free superparticle in AdS3. The
actions have a nice form in terms of covariant Cartan forms.
We also considered the nonrelativistic limit, in which our
superalgebra turns into the Newton-Hooke superalgebra
extended by two central charges, and the reduced actions
describe a Newton-Hooke superparticle including higher-
derivative terms.
Our consideration was purely classical. To analyze the
effects of the higher-derivative terms one should quantize
the system. In the present case this is much more compli-
cated than for a superparticle moving in flat D ¼ 2þ 1
spacetime. Already the quantization of the nonrelativistic
systems constructed here should be quite useful. We are
planning to come back to this task in future publications.
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